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We calculate the temperature dependent long-range magnetic coupling in the presence of dilute
concentrations of random magnetic impurities in chiral multilayer two-dimensional semimetals, i.e.,
undoped intrinsic multilayer graphene. Assuming a carrier-mediated indirect RKKY exchange in-
teraction among the well-separated magnetic impurities with the itinerant carriers mediating the
magnetic interaction between the impurities, we investigate the magnetic properties of intrinsic
multilayer graphene using an effective chiral Hamiltonian model. We find that due to the enhanced
density of states in the rhombohedral stacking sequence of graphene layers, the magnetic ordering
of multilayer graphene is ferromagnetic in the continuum limit. The ferromagnetic transition tem-
perature is calculated using a finite-temperature self-consistent field approximation and found to be
within the experimentally accessible range for reasonable values of the impurity-carrier coupling.
I. INTRODUCTION
Multilayer graphene with an additional layer degree
of freedom (in addition to the spin and pseudospin in-
tralayer index) has recently attracted a great deal of at-
tention for its fundamental properties as well as for its
potential applications.1–7 Multilayer graphene is not a
simple extension of monolayer graphene (since it has its
own characteristic layer-number-dependent band struc-
ture and symmetry properties), and could open the pos-
sibility of engineering electronic properties by tuning the
stacking arrangement. One important salient feature of
multilayer graphene is the enhancement of the electronic
density of states (DOS) as the number of graphene layers
increases. As a consequence, the electronic screening be-
comes more important with increasing layers.6 Since the
energy band structure of multilayer graphene is very sen-
sitive to its stacking sequence, the screening properties
depend strongly on the stacking arrangements in multi-
layer graphene.6,7 Each type of rhombohedral multilayer
graphene (i.e., J-graphene) with the layer number index
J = 1, 2, 3, 4, 5... is a distinct 2D material tuned by J
except that all of them are 2D gapless semimetals with
the chemical potential precisely pinned at the touching
point of conduction and valence bands. The most well-
known J-grahenes are monolayer graphene (MLG) with
J = 1 and bilayer graphene (BLG) with J = 2, but tri-
layer (J = 3) and even higher-layer (J > 3) graphenes
have also been studied in the laboratory.5 In fact, the
J going to infinity limit (i.e., infinite-layer graphene) is
graphite.
The current theoretical work is on the J-dependent
magnetic properties of intrinsic (i.e., undoped) multi-
layer graphene with no free carriers in the conduction
or valence band at T = 0. We study finite temperature
response (screening) functions of multilayer graphene,
and their consequences for the J-dependent magnetic
properties induced by magnetic impurities through the
Ruderman-Kittel-Kasuya-Yosida (RKKY) interaction.8,9
In the presence of a dilute concentration of magnetic im-
purities in nonmagnetic metals the effective exchange in-
teraction between the impurities is induced as the second-
order perturbation with respect to the direct exchange
interaction between the magnetic impurity and the itin-
erant electrons of the host (i.e., the magnetic impurities
experience a long-range indirect exchange interaction me-
diated by conduction electrons, known as the RKKY in-
teraction). Such an indirect nonlocal carrier-mediated
RKKY interaction between two impurities could be fer-
romagnetic or antiferromagnetic depending on their spa-
tial separation because the interaction is oscillatory due
to the sharpness of the Fermi surface. This indirect
RKKY interaction exists in addition to any possible di-
rect exchange interaction among the magnetic impuri-
ties which may arise due to their direct wave function
overlap. Because the RKKY interaction is mediated by
host electrons (or holes), the enhanced DOS of multilayer
graphene can lead to an increase of the effective inter-
impurity magnetic coupling with increasing J , which may
induce robust magnetic ordering for larger values of the
layer number. The goal of the current paper is to the-
oretically predict such magnetic ordering in multilayer
graphene as a function of layer number.
In general, intrinsic graphene does not have any per-
manent magnetic moments in the bulk, but local mag-
netic moments can be introduced by extrinsic doping.
Doping by suitable magnetic impurities could introduce
such local moments, but these local moments cannot or-
der spontaneously unless there is an inter-impurity mag-
netic interaction. If the impurities are far apart, i.e.,
the doping is dilute (which is the only situation con-
sidered in the current work), then the direct exchange
interaction among the impurities is basically zero since
their wave function overlap is exponentially small. It is
also now well-accepted that graphene (or generally, mul-
tilayer graphene) is not intrinsically (i.e., in the absence
of any doping) magnetic, i.e., there is no spontaneous
graphene magnetic ordering of any kind unless local mag-
netic moments are extrinsically introduced by magnetic
impurities, vacancies, or edges.10 The important question
2addressed in this paper is whether a dilute (i.e., well-
separated impurities) concentration of magnetic dopants
could induce magnetism in graphene through the RKKY
mechanism with direct exchange playing no role what-
soever. We emphasize that the dilute limit is very dif-
ferent from the dense (or Kondo lattice) limit where the
magnetic impurities themselves form a lattice (or are in
almost every unit cell of the host lattice) since direct
interaction among the impurities as well as any modi-
fication of the graphene band structure induced by the
impurities can be neglected. The only interaction to be
considered in this dilute limit is the indirect RKKY in-
teraction, and a continuum approximation should suffice.
The dilute approximation with well-separated dopants
makes the graphene situation here very similar to the
extensively studied11,12 diluted magnetic semiconductor
(DMS) materials where also the primary mechanism driv-
ing ferromagnetism in the semiconductor is thought to
be the indirect RKKY interaction. This is the physics
we investigate in the current work. The main qualitative
difference between diluted-magnetic-graphene (DMG) we
consider here and the well-studied DMS is that we must
deal with an undoped gapless semimetal (and not a doped
semiconductor) and we must incorporate the layer num-
ber for multilayer graphene.
It is known that the effective RKKY interaction in
graphene induced by the exchange coupling between local
magnetic moments and conduction electrons (or holes)
behaves differently from the ordinary two dimensional
(2D) systems because of the chiral gapless nature of
graphene.13,14 In particular, the strength of RKKY cou-
pling in monolayer graphene decays faster spatially than
in ordinary 2D electron systems due to chirality (i.e., the
suppression of the 2kF scattering, where kF is the Fermi
wave vector) in graphene.13,14
One may wonder if RKKY interaction, with its long-
range spatial Friedel oscillations, is capable of induc-
ing magnetic ordering since the inter-impurity interac-
tion may be of random sign (ferromagnetic or antifer-
romagnetic) depending on their spatial locations. This
is certainly the case in ordinary metals or semiconduc-
tors (either 2D or 3D)9 in the presence of a high concen-
tration of magnetic impurities where the effective inter-
impurity interaction will be randomly ferromagnetic and
antiferromagnetic, leading to considerable frustration in
the Hamiltonian (and perhaps therefore a glassy ground
state with no obvious long-range order). But for a low
or dilute impurity concentration (as in DMS) where the
impurities are on the average far from each other, the
effective inter-impurity RKKY interaction is on the av-
erage mostly ferromagnetic, and then the possibility of
magnetic ordering arises, albeit with perhaps a low tran-
sition temperature (as in DMS) because of the generally
weakened average inter-impurity RKKY interaction.11,12
In multilayer graphene, layer index and chirality intro-
duce novel RKKY physics necessitating a specific analy-
sis to search for possible magnetic ordering of DMG. In
particular, multilayer graphene RKKY interaction does
not change sign (in spite of Friedel oscillations) for J ≥ 3
indicating a strong tendency toward a long-range order-
ing of the magnetic impurities induced by RKKY cou-
pling. Another fundamental difference between intrinsic
graphene and ordinary metals or doped semiconductors
is the fact that undoped graphene is a gapless semicon-
ductor or a semimetal with no free carriers at T = 0 since
the chemical potential separates a filled valence band
touching an empty conduction band. Taken together, all
these differences between chiral intrinsic DMG and regu-
lar DMS imply that our intuition based on the substantial
body of DMS literature is a poor guide to understanding
how graphene magnetism may arise from RKKY physics.
In this paper, we provide a complete picture based on a
continuum mean field theory, which should be qualita-
tively and semiquantitaively valid in the dilute impurity
density limit.
Magnetic properties of graphene have been studied,
and in particular, there have been several studies of
RKKY interaction in graphene focusing on the possibil-
ity of magnetic ordering of dopant magnetic impurities
at zero temperature.13–22 However, a systematic study
of RKKY interaction in multilayer graphene as a func-
tion of layer index has not been undertaken, and, in
addition, finite temperature, disorder and finite carrier
mean-free path effects on RKKY interaction have not
yet been studied theoretically. In this paper, we cal-
culate the magnetic properties of multilayer graphene
with the magnetic impurities located at the interface
between graphene and substrate without breaking any
symmetry in the graphene layer. We calculate the tem-
perature dependence of the RKKY interaction in multi-
layer graphene in order to develop a self-consistent field
theory to study long-range finite-temperature magnetic
ordering. We show that the enhanced DOS in rhom-
bohedral stacking allows ferromagnetic ordering of the
magnetic impurities at experimentally accessible temper-
atures, particularly for higher values of J . Our results in-
dicate that the magnetic impurity induced ferromagnetic
ordering is possible in semimetallic multilayer graphene
arising from the RKKY indirect interaction in the dilute
impurity limit. Ferromagnetism in DMG as predicted in
our theory, particularly for larger layer numbers, could in
principle lead to graphene spintronics if our predictions
are validated experimentally.
This paper is organized as follows. In Sec. II, we de-
scribe our model and theoretical approaches based on
chiral 2D electron systems. In Sec. III, we give the cal-
culated results for RKKY interaction and the ferromag-
netic transition temperatures of DMG. We conclude in
Sec. IV with a discussion of the momentum cutoff effects
on the effective coupling.
II. MODEL
To study indirect magnetic interaction between
quenched local moments in multilayer graphene, we con-
3sider the indirect exchange interaction between magnetic
impurities to be of the RKKY form, i.e., carrier-mediated
effective magnetic interaction. Indirect exchange inter-
action between magnetic moments is determined by the
electronic structure of the relevant system. To describe
electron states in multilayer graphene, we consider the
Hamiltonian of noninteracting electrons in the form of a
two-band pseudospin Hamiltonian for 2D chiral quasipar-
ticles. Thus, multilayer graphene near the band-touching
Dirac point can be described by a set of chiral 2D electron
systems (C2DESs) and the Hamiltonian with the chiral-
ity index J (which also represents the number of layers
in rhombohedral multilayer graphene) is of the form6,7
HJ(k) = t⊥

 0
(
~v0k−
t⊥
)J
(
~v0k+
t⊥
)J
0

 , (1)
where k± = kx±iky, v0 is the effective in-plane Fermi ve-
locity, and t⊥ is the nearest-neighbor interlayer hopping.
The Hamiltonian has an energy spectrum given by ελ,k =
λt⊥
(
~v0|k|
t⊥
)J
and the corresponding eigenfunctions are
|λ,k〉 = 1√
2
(
λ, eiJφk
)
, where φk = tan
−1(ky/kx) and
λ = ±1 for conduction (valence) band energy states, re-
spectively. We consider intrinsic multilayer semimetallic
graphene with the Fermi energy precisely at the Dirac
point which we take to be the zero of energy.
The carrier mediated RKKY indirect exchange interac-
tion describing the effective magnetic interaction between
local moments induced by the free carrier spin polariza-
tion is proportional to the static carrier susceptibility.
The finite temperature static susceptibility can be cal-
culated using the finite temperature Fermi distribution
function as1,23
χ(q, T ) = −g
∑
λ,λ′
∫
d2k
(2pi)2
fλ,k − fλ′,k′
ελ,k − ελ′,k′
Fλ,λ′(k,k
′), (2)
where g = gsgv is the total degeneracy factor (gs = gv =
2 are spin and valley degeneracy factors, respectively),
fλ,k = 1/[exp(ελ,k/kBT ) + 1] is the finite temperature
Fermi distribution function for the band index λ = ±1
and wave vector k, Fλ,λ′ (k,k
′) is the square of the wave-
function overlap between |λ,k〉 and |λ′,k′〉 states, and
k′ = k + q. For the chiral electron with the chirality
index J , Fλ,λ′ (k,k
′) = 12 [1 + λλ
′ cosJ(φk − φ′k)].
For the undoped intrinsic case, in which the chemical
potential is located at the Dirac point for all tempera-
tures, Eq. (2) can be expressed as
χ(q, T ) = DJ(q)[I
+
J (q, T ) + I
−
J (q, T )]
= χ+J (q, T ) + χ
−
J (q, T ), (3)
whereDJ(q) corresponds to the DOS with a wave number
q which is given by
DJ(q) =
gq2−J
2piJt⊥(~v0/t⊥)J
, (4)
and
I±J (q, T ) = J
∫ ∞
0
xdx
∫ 2pi
0
dφ
2pi
1± cos(Jθ)
xJ ± (x′)J
×
[
tanh
TJ(qax)
J
T
± tanh
TJ(qax
′)J
T
]
, (5)
where x′ =
√
1 + 2x cosφ+ x2, cos θ = (x + cosφ)/x′,
TJ = (t⊥/kB)(~v0/t⊥a)J , and a is the lattice constant of
graphene. At zero temperature (T = 0), I−J , which corre-
sponds to the intraband transition of electrons, vanishes
for all q (since the conduction band is completely empty
and the valence band completely full) and only interband
transition, I+J , contributes to the susceptibility, and we
have χ(q, T = 0) = χ+J (q) = DJ(q)I
+
J (q)
6. As q → 0, we
have χ+J (q, T = 0) ∝ q
2−J and therefore, for J ≥ 3, the
static susceptibility diverges at long wavelength.
At finite temperatures (T > 0), it is interesting
to notice that the interband susceptibility behaves like
χ+J (q, T ) ∝ q
2 as q → 0 for all J . Thus, the q = 0 sin-
gular behavior of the interband susceptibility at T = 0
for J ≥ 3, i.e., χ+J (q → 0, T = 0) → ∞, disappears at
finite temperatures. In addition, intraband transitions
contribute to the susceptibility at finite temperatures due
to thermal particle-hole excitations in the semimetal, and
thus, at small q the total susceptibility comes entirely
from the intraband transition at finite T , χ−J , due to the
vanishing of long wavelength interband contribution. Es-
pecially, we find that χ−J (q = 0, T ) ∝ T
2−J for J ≤ 2 and
χ−J (q = 0, T ) ∝ 1/T for J ≥ 3. Thus, the total suscepti-
bility at q = 0, χ(0, T ), increases with temperature only
for J = 1. For J = 2, χ(0, T ) is constant for all temper-
atures, and it decreases with increasing temperature for
J ≥ 3. We will discuss the implications of these temper-
ature dependences for J-dependent long-range magnetic
ordering.
It is not possible to obtain the susceptibility function
analytically for all q at finite temperatures. Thus, we cal-
culate the finite temperature static susceptibility numer-
ically. Figure 1 shows the calculated static susceptibility
χ(q, T ) as a function of wave vector for several tempera-
tures. For comparison, we normalize the susceptibility for
different J by the J = 1 DOS at q = 1/a, DJ=1(q = a
−1),
where a is the lattice constant of graphene. As shown in
Fig. 1(a) the J = 1 susceptibility increases linearly with
temperature at small q. For J = 2 we find that χ(0, T =
0) 6= χ(0, T → 0) and χ(0, T = 0)/χ(0, T 6= 0) = ln 4 for
all finite temperatures. The finite temperature suscep-
tibility at q = 0 is independent of the temperature for
J = 2 as discussed above. It is interesting to compare
this behavior with the asymptotic form for the corre-
sponding nonchiral regular 2D electron gas susceptibility
which exponentially decreases from its zero temperature
value, χ(q = 0, T ) ≈ χ(q = 0, T = 0)[1 − e−TF /T ], where
TF is the Fermi temperature of the system.
1,24 For J ≥ 3,
even though the zero temperature susceptibility is infin-
ity at q = 0, the finite temperature susceptibility is finite
and χ(0, T ) decreases inverse linearly with temperature,
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FIG. 1: The calculated finite temperature static polarizability
χ(q, T ) as a function of wave vector for various temperatures
T = 0, 200, 400, 600, 800, and 1000 K, and for different
chiralities (a) J = 1, (b) J = 2, (c) J = 3, (d) J = 4, and
(e) J = 5. Here D1(a
−1) = g/(2pit⊥a
2)(t⊥a/~v0) is given in
Eq. (4) with J = 1 and q = q−1, and a is the length scale of
the system (i.e., lattice constant) and a = 2.46A˚ is used.
1/T . Overall χ(q, T ) for J ≥ 3 manifests a similar be-
havior.
III. RKKY INTERACTION AND EFFECTIVE
MAGNETIC COUPLING
The interaction between a localized spin Si located at
ri and an itinerant electron spin s at r, i.e., V (r) =
JexSi · s δ(ri − r) with an exchange coupling Jex, ac-
counts for the interaction between magnetic impurities.
In general, Jex is an unknown parameter in our theory
which must be determined experimentally or from a sep-
arate first principles calculation beyond the scope of the
current work. Then the effective Hamiltonian describ-
ing magnetic interaction between two classical Heisen-
berg spins Si and Sj located at ri and rj , respectively,
is given by26,30
H = −
∑
i,j
JRKKY(ri − rj)Si · Sj, (6)
where
JRKKY(r, T ) =
[
Jexa
2
]2
4
χ(r, T ). (7)
Note that the ‘classical moment’ approximation here is
justified by the large moments of the magnetic impu-
rities typically used for magnetic doping and quantum
fluctuations in the magnetic impurity are neglected as
being small. We ignore all complications associated with
Kondo physics and other quantum strong correlation as-
pects assuming that the long-range Heisenberg model
is the appropriate model for describing magnetic or-
dering for DMG. We essentially assume that the rele-
vant Kondo temperature is much less than the RKKY
temperature scale in the system.25 The RKKY interac-
tion is related to the range function which is defined
by the Fourier transform of the static susceptibility, i.e.,
χ(r, T ) =
∑
q χ(q, T ) and in 2D it is given by
χ(r, T ) =
∫ ∞
0
qdq
2pi
J0(qr)χ(q, T ), (8)
where J0(x) is the Bessel functions of the first kind. Note
that even though the Fourier transform of Eq. (8) is well
defined for J = 2 and 3, it requires an ultraviolet cut-
off for J = 1 and an infrared cutoff for J ≥ 4. These
large and small momenta regularizations are necessary
for obtaining meaningful nonsingular results. In the fol-
lowing results, we set the infrared momentum cutoff as
q
(l)
c = 0.01/a and the ultraviolet momentum cutoff as
q
(h)
c = 1/a, where a is the typical length scale of the
system, i.e., a lattice constant of graphene, and we use
a = 0.246 nm in our numerical calculations. While the
large momentum ultraviolet cutoff (inverse lattice con-
stant) for J = 1 is natural in a continuum theory, the
infrared low momentum cutoff is not usual in solid state
physics. We provide the details on these regularizations
and their possible effects in the discussion section (see
Sec. IV).
Figure 2 shows the RKKY range functions χ(r, T ) for
J = 1, 2, 3, 4 and for different temperatures. For J = 1
the range function oscillates for all temperatures, and
its magnitude increases with temperature. For J = 2
the range function is almost independent of temperature.
For J ≥ 3 the magnitude of the range function decreases
with temperature. These behaviors for different J can
be understood from the temperature dependence of the
susceptibility shown in Fig. 1. More importantly, we find
that for J = 1, 2 the range functions alternate between
positive and negative values while, for J ≥ 3, it always
remains positive at T = 0. Due to the suppression of
large q contribution for higher values of layer number J ,
the range functions for J ≥ 3 do not have oscillations.
Hence, there are no competing ferro- and antiferromag-
netic couplings for J ≥ 3, and the magnetic impurity
moments are expected to be ferromagnetically aligned
since there is no frustration in the RKKY coupling.
The carrier-mediated RKKY interaction induced in-
direct exchange interaction [Eqs. (6) and (7)] describes
the effective magnetic interaction between local mag-
netic moments induced by the free carrier spin polar-
ization. The effective temperature-dependent coupling is
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FIG. 2: The RKKY range function χ(r) as a function of
distance for different chiralities (a) J = 1, (b) J = 2, (c)
J = 3, (d) J = 4. In each figure the different curves represent
different temperatures T = 0, 10, 100, 1000 K [from bottom
to top in (a), and from top to bottom in (b), (c), (d)]. Here
D0 = D1(a
−1)/a2. In this calculation the infrared momentum
cutoff q
(l)
c = 0.01/a for J = 4 and the ultraviolet momentum
cutoff q
(h)
c = 1/a for J = 1 are used.
then given by the spatial average of the JRKKY:
Jeff(T ) =
1
Ωunit
∫
d2rJRKKY(r, T ), (9)
where Ωunit is the area of a unit cell. The effective tem-
perature dependent coupling can be expressed in the di-
mensionless form
Jeff(T )
J
(0)
eff
=
1
D1(a−1)
∫
rdrχ(r, T ) (10)
where J
(0)
eff =
[
Jexa
2
]2
× 2piD1(a
−1)/4Ωunit is a magnetic
coupling constant, which is proportional to the square
of the local exchange coupling, but independent of the
chirality index J and temperature T . All the interesting
physics of chirality index J and temperature T enters
through the integral in Eq. (10) which depends nontriv-
ially and nonlinearly on both J and T . We also include
disorder effects phenomenologically through a finite car-
rier mean-free path by including an exponential cutoff
in the range of the RKKY interaction, which allows us
to take into account the dependence of the magnetic be-
havior of multilayer graphene on the carrier transport
properties. In the presence of (nonmagnetic) impurity
scattering the RKKY interaction range is cut off at long
distances, and we include this physics through an expo-
nential spatial damping at distances larger than a char-
acteristic length scale of the order of the carrier transport
mean-free path26–29. Thus the effective coupling can be
modified as
Jeff =
{
1
Ωunit
∫
d2rJRKKY(r), (r < R)
1
Ωunit
∫
d2rJRKKY(r)e
− r−R
R . (r > R)
(11)
Here the exponential cutoff R is introduced to take into
account the finite mean-free path due to scattering by
nonmagnetic disorder in the semimetal. In the calcula-
tion, we use R = 100a = 24.6 nm, which is a charac-
teristic scale of the mean-free path, and the choice of
R (< 300a) does not change our results qualitatively.
We note that the appropriate mean free path (R) here
is the one corresponding to undoped intrinsic multilayer
graphene near the Dirac point, which depends on J and
T (and should be taken from transport data). We use
the length cutoff parameter R just as an adjustable pa-
rameter in the theory since making R large (small) pro-
vides a convenient way to study the qualitative effects of
long (short)-range RKKY interaction on graphene mag-
netism. Obviously, magnetism is strongly suppressed
when R is small. If experimental results on multilayer
graphene magnetism become available in the future, it is
straightforward to include quantitative effects of a J and
T dependent mean-free path in our theory.
Figure 3 shows the calculated temperature dependence
of the effective coupling for C2DESs with chiralities
J = 1, 2, 3, 4, 5. As shown in Fig. 3, the effective cou-
pling for J ≥ 2 decreases with temperature as in ordi-
nary non-chiral 2DES,29 but for J = 1 it increases with
temperature, which is the direct consequence of the tem-
perature dependence of the static susceptibility as shown
in Fig. 1. The effective coupling also increases with in-
creasing chiral index J (or number of layers in rhombo-
hedral multilayer graphene) because of the susceptibility
behavior at long wavelength limit as shown in Fig. 1.
Obviously the T and J dependence of the effective mag-
netic coupling shown in Fig. 3 determines the magnetic
transition temperature in DMG as discussed below.
From the calculated effective coupling we obtain the
critical temperature for the magnetic transition in mul-
tilayer graphene. For the Heisenberg classical spins the
mean-field transition temperature Tc is given by
30,31
kBTc =
S(S + 1)
3
xJeff , (12)
where S is the impurity spin, x = nimpa
2 is the concen-
tration of the local moments with nimp being the effective
2D magnetic impurity doping density. In the absence of
any other information, we assume the magnetic dopants
to be randomly distributed, but it is easy to include any
correlations among the dopant positions if such dopant
clustering effects are important. We note that the fer-
romagnetic transition temperature is proportional to J2ex
and x, but its dependence on the layer index J is highly
nontrivial and cannot be simply inferred using dimen-
sional analysis since the layer index J enters the DOS
in a highly nonlinear manner [see Eq. (4)]. We note that
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FIG. 3: The calculated effective coupling (solid lines) as a
function of temperature for various chiralities J = 1, 2, 3, 4, 5.
In this calculation, q
(l)
c = 0.01/a, q
(h)
c = 1/a, and exponen-
tial cutoff R = 100a are used. Here the normalization factor
J
(0)
eff =
[
Jexa
2
]2
× 2piD1(a
−1)/4Ωunit is independent of the
chirality index J and temperature T . The dashed line repre-
sents 3kBT/[S(S+1)xJ
(0)
eff ] and the intersections with Jeff(T )
indicate the transition temperatures solved self-consistently.
in our finite temperature RKKY model the ferromagnetic
transition temperature is obtained from Eq. (12) by solv-
ing it self-consistently because Jeff itself is also strongly
temperature dependent.31 We emphasize that the strong
temperature-dependence of the RKKY interaction in in-
trinsic graphene is the key physics determining the DMG
ferromagnetic transition temperature in the theory. If
one makes the simplistic (and incorrect) assumption that
Jeff is a temperature-independent coupling given by its
T = 0 value Jeff(0), then the transition temperatures are
going to be unrealistically high. The self-consistent so-
lution of Eq. (12) using the full temperature dependence
of the magnetic coupling as shown in Fig. 3 is crucial in
the theory to obtain the correct magnitude as well as the
correct J-dependence of the transition temperature Tc.
31
In Fig. 4 we show the calculated self-consistent tran-
sition temperature Tc as a function of layer index J .
With the temperature dependent Jeff(T ) and typical val-
ues of Jex = 1 eV, S = 5/2, x = 0.05, Ωunit/a
2 = 1,
the self-consistent results show the ferromagnetic tran-
sition temperatures Tc ≈ 0.05, 2.6, 11, 18 and 23 K for
J = 1, 2, 3, 4, 5, respectively, [see Fig. 4(a)]. In Fig. 4(b)
we compare them with the results calculated in the non-
consistent method with Jeff(T = 0) value noting that
the non-selfconsistent Tc is unreasonably high. Fig. 4(b)
shows that the zeroth order mean field results assuming
Jeff to be given by its T = 0 value overestimate Tc by
an order of magnitude (or more) for J ≥ 3 compared
with the self-consistent results. We note that Tc is pro-
portional to xJ2exS(S + 1) and the results in Fig. 4 are
for very specific values of x, Jex, and S, but one can
scale the results to obtain Tc for other values of Jex, S,
and x. We do emphasize, however, that x cannot be
too large so that one is in the dilute moment regime for
the validity of our continuum theory. For large impurity
concentration (x > 0.1 or so) DMG physics is different
since graphene band structure itself may be affected. In
addition, the results obviously depend also on the basic
graphene band parameters g, v0, and t⊥ [see Eq. (4)] and
this dependence is complex. We choose the standard pa-
rameter values: g = 4, v0 = 10
6 m/s, and t⊥ = 0.3 eV in
our calculations. We discuss the dependence on various
cutoff parameters in the next section. Our results apply
to the rhombohedral stacking of graphene layers because
the rhombohedral stacking sequence with J layers is de-
scribed by C2DES with the chirality index J . Thus, with
high values of layer index J the ferromagnetic ordering
of magnetic impurities can be experimentally accessible
in rhombohedral multilayer graphene provided suitable
magnetic dopants are used with reasonable (∼ 1 eV or
so) local exchange coupling.
We note that the calculated J dependence of the self-
consistent Tc in Fig. 4 is roughly linear whereas the cor-
responding dependence in the non-self-consistent mean
field theory is nonlinear with a high power of J . We do
not believe that there is a generic unique power law be-
havior of Tc on J , and the linear dependence in Fig. 4
applies only for our calculated results although it should
be approximately valid for higher J values. Of course,
Tc is strongly suppressed for short mean free path due
to disorder effects, which can only be discussed quanti-
tatively for specific experimental situations.
IV. DISCUSSION AND CONCLUSION
We have studied the temperature dependence of the
RKKY interaction and effective magnetic ordering as a
function of layer number index for the C2DES of rhombo-
hedrally stacked multilayer graphene. The chiral effective
Hamiltonian used in this work is obtained from a pertur-
1 2 3 4 5
J
10-1
100
101
102
T 
 (K
)
c
1 2 3 4 5
J
10-2
100
102
104
T 
 (K
)
c
(b)(a)
FIG. 4: The calculated ferromagnetic transition temperature
as a function of layer (chiral) index J . We use the param-
eters Jex = 1 eV, S = 5/2, x = 0.05, and Ωunit/a
2 = 1 in
this calculations. In (a) the self-consistent results are shown
for different J . In (b), the self-consistent results (circles)
are compared with the results (squares) obtained in the non-
consistent method with Jeff (T = 0).
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FIG. 5: The infrared momentum-cutoff dependence of the
effective coupling for various chiralities J = 1, 2, 3, 4, 5 with
fixed high momentum cutoff q
(h)
c = 1/a and exponential cutoff
R = 100a.
bation theory taking into account only nearest-neighbor
intralayer and interlayer hoppings7, which is valid when
we neglect the contributions from the trigonal warping
terms which are much smaller than the terms kept in
the effective Hamiltonian. Our theory is valid only when
quantum fluctuations and direct exchange coupling be-
tween the impurity moments are negligible, which should
be valid for large impurity spins and dilute impurity con-
centrations. The valid energy scale for the chiral effective
model is given by 0.03 eV–0.3 eV32, which corresponds to
the momentum scale of 0.01/a–0.1/a. Thus it is natural
to introduce the infrared low momentum cutoff and the
ultraviolet high momentum cutoff, denoted by q
(l)
c and
q
(h)
c , respectively. These regularizations are necessary for
obtaining meaningful results in graphene.
In our model, the calculated effective coupling Jeff is
insensitive to the ultraviolet cutoff q
(h)
c for J ≥ 2, while
for J = 1, Jeff shows the well-known logarithmic ultravio-
let divergence at high momenta. Note that for monolayer
graphene (J = 1 C2DES) there is no interlayer hopping
and the valid momentum scale is restricted only by the
inverse lattice constant, beyond which the linear disper-
sion is no longer valid. Even though our results are inde-
pendent of the high momentum cutoff, they are affected
by the low momentum cutoff q
(l)
c . As shown in Fig. 5,
the calculated effective couplings are consistent for small
values of the cutoff q
(l)
c < 10−2/a. However, for large
values of cutoff the sign of Jeff oscillates with q
(l)
c . For
a typical value of q
(l)
c = 0.01/a, Jeff > 0, and thus the
ordering is ferromagnetic for all C2DESs. Note that the
calculated results also depend on the exponential disor-
der cutoff R for R > 500a, and a larger R gives more
oscillating behavior in Jeff . The finite mobility of multi-
layer graphene, however, restricts the size of R and for a
typical scale of mean-free path the results do not change
qualitatively. In addition, the finite mean free path cut-
off prevents the system from becoming an interaction-
induced ordered state with a non-zero energy gap at the
Dirac point, thus we can use a chiral gas model of a gap-
less semimetal even at zero carrier density.
In summary, we study the magnetic properties of mul-
tilayer graphene (chiral 2D electron systems) in the pres-
ence of magnetic impurities as a function of layer index
number in the intrinsic semimetallic situation. By calcu-
lating the temperature dependent susceptibility of mul-
tilayer graphene we investigate the temperature depen-
dence of the RKKY interaction and the associated car-
rier induced effective magnetic coupling using the effec-
tive chiral model of multilayer graphene. We show that
due to the enhanced DOS in rhombohedral stacking the
ferromagnetic ordering between magnetic impurities is
possible at experimentally accessible temperatures. Our
results indicate that the magnetic impurity induced ferro-
magnetic order in multilayer graphene should be observ-
able experimentally for layer number 3 or above in mul-
tilayer graphene system, perhaps ushering in the physics
of spintronics based on diluted magnetic graphene.
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